Introduction
The present paper is devoted to the nonlinear optimization problem: finding the maximum of a polynomial function in the domain defined by a polynomial inequality system. This polynomial programming problem has been intensively treated by several authors during the last two decades; for a survey of the approaches, which exploit essentially the polynomiality of the stated problem, we refer to Bank et al. (1992) .
We are concerned here mainly with the problem of finding max X∈R K f (X) and max
for polynomial functions f and G. The idea of the proposed approach can be described briefly as a reversion of the usual algorithm critical points → critical values.
(1.1)
We intend to construct first an univariate polynomial F(z) whose roots coincide with the critical values of the objective function f (X). Due to the polynomiality of the problem, this can be done purely algebraically, i.e. by means of the finite number of elementary algebraic operations on the coefficients of f . The problem can be reduced to the one of finding the multivariate resultant, i.e. a polynomial function R(F 1 (X), . . . , F K (X), G(X)) (1.2) in the coefficients of the given polynomials F 1 (X), . . . , F K (X), G(X) ∈ C[X] whose vanishing (under certain assumptions) gives a necessary and sufficient condition for the existence of a common zero for these polynomials. We define F(z) to be F(z) := R(∂f /∂x 1 , . . . , ∂f/∂x K , f(X) − z).
The resultant can be computed with the help of either some determinantal representations (like Cayley's or Macaulay's ones (Macaulay, 1903 (Macaulay, , 1916 ) or via the Gröbner basis construction. Let us take into account, however, the fact that finding the polynomial F(z) is not the final aim of the optimization problem. The next task is to separate the real roots of F(z). For a univariate polynomial, this problem is usually solved via the Sturm series construction. Our suggestion is to do this simultaneously with F(z). For that aim, one can use the method for the separation of the solutions of a system of algebraic equations discovered by Charles Hermite in 1852 -1856 (Hermite, 1912 , and developed by Francesco Brioschi and other scholars in the 19th century (a historical review can be found in Krein and Naimark (1981) and Uteshev and Shulyak (1992) ). Recently the method has been revised by several authors: Becker and Wörmann (1994) and Pedersen et al. (1993) ; Uteshev and Shulyak (1992) and Uteshev and Cherkasov (1996) . The general separation problem is formulated as follows: Find the number of real solutions of the polynomial system Here {F 1 (X), . . . , F K (X), G(X)} ⊂ R [X] . Briefly, the idea of Hermite's method consists of finding the rank and signature of the quadratic form in real x 0 , . . . , x N −1 :
(1.5)
Here Λ 1 , . . . , Λ N are the solutions of (1.3), and the system of monomials {Ψ j (Λ)} N −1 j=0 is linearly independent on these solutions. The elements of the matrix H of the form (1.5) are the symmetric polynomials of the solutions. They can be expressed rationally in terms of the coefficients of the polynomials F 1 , . . . , F k , G. Hence, Hermite's method permits one to find the number (1.4) purely algebraically, and this fact can be utilized for the optimization problem. We state the latter as the one of finding nrs{∂f /∂x 1 = 0, . . . , ∂f/∂x K = 0 | f (X) > z} (1.6) or nrs{∂f /∂x 1 = 0, . . . , ∂f/∂x
This statement gives us a perfect opportunity to reconsider the foundations of Hermite's method. Although it was sufficiently illuminated in the cited papers (and several others), there exist some reasons to do this. In most of them the desire is to justify the end by the means. Most of the papers on the method use, as their essential parts, the elements of the "outer" theories: e.g. Macaulay's determinantal representation for the resultant or the Gröbner basis construction for evaluating symmetric polynomials of solutions. We intend to avoid this and to make the method self-contained, i.e. to unify the separation and the elimination process. We will introduce a new matrix C with a structure similar to that of the matrix H with the deficiency index (= order − rank ) equal to the number of solutions of the system (1.3) common with G(X). Its determinant differs from the resultant (1.2) only by the known factor.
We will treat in detail the cases of K = 1 and K = 2 variables, and show how to manage the extension to the case of K = 3 variables. This methodology permits us to clarify the ideas and to illustrate the difficulties with examples. If a cited classical result is contained in a rarely available publication, we will provide a sketch of the proof.
The paper is organized as follows. Section 2 contains some preliminary results from classical Elimination Theory: resultant, subresultants, discriminant for the univariate polynomials; eliminants, symmetric polynomials of solutions and Poisson's inductive definition of the resultant for the multivariate polynomials. Some assumptions are made with most of them guaranteeing the existence of exactly N := deg F 1 . . . deg F K (the Bézout number) solutions for the system (1.3).
In Section 3 we consider the univariate case. Employing results by Jacobi, Hermite, Sylvester and Kronecker, we construct the Hankel matrix with the determinant coinciding (up to a constant factor) with the F(z), and with the sequence of the leading principal minors playing the role of Sturm series for that polynomial.
Section 4 is devoted to the bivariate case. Jacobi's method is employed to evaluate the symmetric functions of solutions of the system (1.3). The two methods for choosing the monomial system {Ψ j (Λ)} N −1 j=0 in (1.5) are discussed. The general results are exploited to find the number (1.6) and to separate the roots of F(z) in exactly the same manner as for the univariate case.
In both sections, we mention an important consequence of the results on the existence of the zero common to the polynomials considered. Provided this zero is unique, it can be represented as a rational function of the coefficients of these polynomials. For the optimization problem, this implies the completion of the reversion of the scheme (1.1): once the maximum of f (X) is found, one can restore the corresponding critical point. We also discuss the problem of the existence of "extraneous" real roots for F(z), i.e. those corresponding to the imaginary critical points.
As its essential part, Jacobi's method utilizes the polynomials P 1 (X), . . . , P K (X), Q(X) ∈ C[X] providing a linear representation for the resultant
For K = 2, we give an algorithm to find them in Section 5.
Section 6 is devoted to the constrained maximization problem. We develop a general approach: to transform the problem into one of the separation of the real roots of a univariate polynomial. Related topics are also discussed, such as establishing the topological structure of the constraint set.
Poisson's Definition of the Resultant
Let X = (x 1 , . . . , x K ) be a vector of variables. Consider polynomials F 1 (X), . . . ,
In order to establish a necessary and sufficient condition for the existence of a common zero for F 1 , . . . , F K and G over C, we first recall the inductive definition of the resultant according to Poisson (Netto, 1896 -1900 Schläfli, 1953) . Although the resultant is usually defined for forms (homogeneous polynomials) complete in all their terms and parametric coefficients, we shall restrict ourselves to the non-homogeneous and generic case. This means that we will impose some restrictions on the coefficients of the leading forms of the considered polynomials under which it is possible to deduce a single condition for the existence of a common zero for these polynomials.
As a basis for induction, we take K = 1 and consider polynomials
If we denote the roots of F (x) by λ 1 , . . . , λ n , then, according to the well-known result by Gauss, the value of any symmetric polynomial of these roots can be represented as a rational function of the coefficients of F (x). For example, here are expressions for the Newton sums:
The resultant R(F, G) is defined formally as the following symmetric polynomial:
while it can practically be found by any of the well-known methods, e.g., the Sylvester determinant (Jury, 1974; Akritas, 1989) :
where
(2.5) Furthermore, consider the minor of U of the order m + n − 2k obtained on deleting the k first and the k last rows, and the k first and the k last columns of U:
(2.6) (we set A j := 0 for j > n and B k := 0 for k > m ). It is called the kth subresultant of R (F, G) . For simplicity, we term R 0 (F, G) for the det U, so: G) . One has the following fundamental property of subresultants:
For the particular choice G(x) := F (x), the expression
is known as the discriminant of F (x). We will refer to the kth subresultant of the resultant (2.8) as the kth subdiscriminant and denote it by D k (F ). The relation of D k to the existence of multiple roots for F (x) is evidently established from (2.7). Consider now the case of K = 2 variables. Let us use the above construction of the univariate resultant to construct the resultant for three polynomials F 1 (x, y), F 2 (x, y), G(x, y) in two variables. Consider first the system:
and take the leading forms from the expansions of F 1 and F 2 in decreasing powers of x and y:
Construct the resultants of F 1 and F 2 on elimination of the variables y and x respectively:
(known also as the eliminants). One has
Here
Under this assumption, the number of solutions of (2.10) (counted in accordance with their multiplicities) equals N (Bézout's well-known theorem). If Λ j := (α j , β j ) is a solution of (2.10), then X (α j ) = 0, Y(β j ) = 0 and vice versa: to every root of X corresponds at least one of the roots of Y, such that this pair is a solution of (2.10). We will give an idea of the proof. Schläfli first proved that any symmetric polynomial can be represented as a polynomial from the elementary symmetric polynomials, i.e. the expressions p=1 x j p y k p . In terms of the system (2.10) this means that the problem stated can be reduced to the one of evaluating the generalized Newton sums:
This can be performed via Poisson's method (Uteshev and Shulyak, 1992) . Let us introduce two new variables u and t by the formula t = x + uy (known also as the Liouville substitution, or the u-substitution). Replacing x in (2.10) by t − uy, we obtain the polynomial system
(2.14)
Considering here t and y as variables and u as a parameter, and constructing the resultant
we eliminate y from (2.14). One has: . . . , N) . The component t j of a solution (t j , y j ) of the system (2.14) is a root of T (t, u). Let us find the Newton sums for T (t, u) using the formulae (2.2):
where T is a polynomial function in τ 1 (u), . . . , τ N (u) and, thus, polynomial in u. Expand T in powers of u and remember that t j = α j + uβ j , with (α j , β j ) being a solution of (2.10):
Since this is an identity in u, comparing coefficients gives
The latter formula permits one to calculate every sum s jk .P By Theorem 2.1, the symmetric polynomial of solutions G(α 1 , β 1 ) . . . G(α N , β N ) can be expressed rationally in terms of the coefficients of F 1 and F 2 . It can be proved that the expression
is a polynomial (with integer coefficients) with respect to the coefficients of F 1 , F 2 and G. Under Assumptions 2.1 and 2.2, its vanishing gives a necessary and sufficient condition for the existence of a common zero for F 1 , F 2 and G. Expression (2.17) is called the resultant of the polynomials considered. Some properties of the resultant can be established, in particular that R(F 1 , F 2 , G) is independent (up to its sign) to the order of its arguments.
We are now able to proceed to the case of K = 3 variables. For the polynomials F 1 (x, y, z), F 2 (x, y, z), F 3 (x, y, z) and G (x, y, z) consider first the system:
and take the leading form F j,nj (x, y, z) from the expansion of F j in decreasing powers of x, y and z. Assumption 2.1 is replaced by:
According to the previous step of the inductive process, this property can be verified via the univariate resultant (2.5). With the help of the bivariate resultant (2.17), one is also able to compute the eliminants, i.e. the resultants of the polynomials F 1 , F 2 , F 3 on eliminating pairs of variables. For example:
Under Assumptions 2.1 and 2.2 , there exist exactly N := n 1 n 2 n 3 solutions (α j , β j , γ j ) for the system (2.18), with their x-components being the roots of X (x). One can then prove an analogue of Theorem 2.1 (using the u-substitution in the form t = x+u 1 y+u 2 z), and represent any symmetric polynomial of the solutions as a rational function of the coefficients of F 1 , F 2 and F 3 . In particular, the expression
can be represented as a polynomial (with integer coefficients) with respect to the coefficients of F 1 , F 2 , F 3 and G. It is called the resultant of the polynomials considered. The procedure goes further in a similar way. So it can be described as a "shuttle":
symmetric polynomial of solutions of
We will not treat the exceptional cases as when the system (2.10) or (2.18) has less than N solutions (some of the solutions become "infinite") or is incompatible, or has an infinite number of solutions (the eliminant in a particular variable may still exist). Neither will we discuss the case when the forms F jnj (X) has a common zero with, say, x 1 = 0 and one has to find the eliminant in this variable: if one wants to find the eliminant in x for the system F 1 (x, y) := xy − 1 = 0, F 2 (x, y) := x 2 y + x − 2 = 0 one has to take care of the case x = 0 when the degrees of both polynomials decrease while the eliminants give rise to the "extraneous" solution (0, 0).
The Case of One Variable
As a basis for our approach to the optimization problem, we will first review some classical results due to Jacobi, Hermite, Sylvester and Kronecker on the relative distribution of the roots of two univariate polynomials in terms of the appropriate Hankel matrices (Krein and Naimark, 1981; Uteshev and Shulyak, 1992) . For any real symmet-
For the real polynomials (2.1) consider the following Laurent expansions
We shall be interested mainly in the coefficients of the principal parts. To find them, it is convenient to construct first the expansion
with the coefficients determined by the recurrent formulae
(we also set d := 0 for < n − 1) and then to multiply (3.3) by the corresponding polynomials. In this way, one can find the expressions for s k , c k and h k which will be rational functions with respect to the coefficients of F and G. On the other hand, these coefficients turn out to be symmetric functions of the roots λ 1 , . . . , λ n of F (x). So, for example,
(3.4) with the first equality valid if all the roots λ j are distinct. The coefficients of the expansions (3.2) can be obtained from c k for particular choices of the polynomial G. In this way one can deduce the formulae (2.2) for the Newton sums s k , while
Consider the following n × n Hankel matrices
( 3.5) and compute their leading principal minors
) The number of distinct roots of F (x) equals r(S), and the number of distinct real roots of F (x) equals σ(S).
(
We shall denote the last number by nrr{F = 0 | G > 0}. For any real symmetric matrix M its positive and negative indices can be found with the help of the leading principal minors M 1 , . . . , M r :
(3.6)
Here P (or V ) is the number of permanences (or variations) of sign, and it was assumed that none of these minors vanishes. It is possible to generalize this rule to the case when M r = 0, and there are no three consecutive zeros in this sequence. In particular, while computing using formulae (3.6), one may omit the minor equal to zero, provided that the neighboring ones do not vanish. If, in addition, the matrix M is of the Hankel type, then it is possible to extend this result to the case when any number of zeros exist in this sequence. For Frobenius' rule we refer to Gantmacher (1959) . In the following, we will always assume, for simplicity, that for any matrix M under consideration there are no two consecutive zeros in the sequence M 1 , . . . , M r .
Corollary 3.1. If all the numbers S j , H k do not vanish, then
Theorem 3.2. One has
Theorem 3.3. (Kronecker, 1897) One has:
In this case, gcd(F, G) equals the determinant obtained on replacing the last row in C n−d :
may be expressed as the determinants obtained on replacing the last row of
Proof. We shall give here only the idea of the proof, since it will be used for the bivariate case. For the sake of simplicity, let d = 0, i.e. gcd(F, G) ≡ const. According to the statement of the theorem, we have to find the coefficients of polynomials
On dividing the latter by F (x) and expanding its both sides in series we obtain
Comparing coefficients of the equal powers of x gives a linear system with respect to q n−1 , . . . , q 0 :
Solving this system by Cramer's rule, we get the expressions for q 0 , . . . , q n−1 , which coincide with those mentioned in Theorem 3.3. Similarly, one has
From the above equations, the coefficients 0 , . . . , n−2 may be expressed in the determinantal form with the help of the representations of q 0 , . . . , q n−1 obtained earlier.
However, for numerical computations of 0 , . . . , n−1 it would be easier to use formulae (3.12) directly.
To conclude the proof, let us mention the fact that p(x) equals minus one times the quotient on division of q(x)g(x) by f (x). P
Corollary 3.2. One has the following relationship between the leading principal minors of the matrix C (or S) and subresultants (or subdiscriminants):
By setting d = 0 in Theorem 3.3 one can also find the linear representation of R(F, G):
the coefficients of L(x) can be found with the help of (3.4) for the negative indices k).
Corollary 3.3. For the case d = 1, the single common root of F (x) and G(x) can be represented as
Moreover, since expansion (3.2) is a particular case of (3.1), one may also use in (3.15) the corresponding minors of the matrix H provided that S n = 0 (see Theorem 3.2).
Though this result is easily deduced from Theorem 3.3, an independent proof will be given (due to the present authors) which will be carried over to the bivariate case in Section 4. Let us assume, for simplicity, that all the roots λ 1 , . . . , λ n of F (x) are distinct, and let λ 1 be the root common with G(x). Construct the polynomial G t (x) := (x−t)G(x). It is evident that for t = λ 2 , . . . , t = λ n one has: deg(gcd(F, G t )) = 2. According to (3.11), for the corresponding Hankel matrix
the leading minors C n (t) and C n−1 (t) vanish for those values of t.
One has: C n (t) ≡ C n F (t) and it is identically zero since C n = 0. As a result of elementary transformations, the minor C n−1 (t) can be represented in the form
Being a polynomial of the degree n − 1, C n−1 (t) has λ 2 , . . . , λ n as its roots. Formula (3.15) follows then from the two equalities:
We conclude the "classical" part of the present section with the following statement: Theorems 3.1 and 3.3 allow one to solve the problem of establishing the relative distribution of the roots of two polynomials that is usually treated in terms of euclidean algorithm, generalized polynomial remainder sequences or subresultants (Collins, 1971; Akritas, 1989; González-Vega et al., 1990) .
Consider now the problem of finding the maximum for a polynomial f (x). On eliminating the trivial case max f (x) = +∞, we shall restrict ourselves to the polynomial of an even degree n + 1 with a negative leading coefficient:
Then max f is attained in one of the critical points, i.e. on the real roots of f (x). If we denote the roots of f (x) by λ 1 , . . . , λ n , then max f is among the numbers f (λ 1 ), . . . , f(λ n ). Let us find a polynomial F(z) having those numbers as its roots. That can be done purely algebraically: according to the results from Section 2, the polynomial
(here the discriminant is evaluated with respect to the variable x) possesses the required property:
. By construction, its coefficients will be polynomial in a 0 , . . . , a n+1 with the constant term equal to D(f ). If the symbolic expression for D(f ) is known in terms of the coefficients of f (x):
then a compact formula for F(z) can be deduced via expanding D(a 0 , . . . , a n+1 − z) in powers of (z − a n+1 ): and However, for the general case, to obtain such a symbolic expression for D(f ) is rather complicated, and thus, this approach, while possible in theory, becomes impractical. Keeping in mind that it is required not only to compute F(z), but to separate its roots, we state the following Problem 3.1. For every real z find
Let us use Theorems 3.1 and 3.3. Take F (x) := f (x), G(x) := f (x) − z and construct the matrix H as in (3.5). Consider the sequence of its leading principal minors
(3.17)
Let us investigate the features of this sequence. First of all, the leading coefficient of the polynomial H k (z) equals (−1) k S k , where S k is the kth leading principal minor of the matrix S constructed as in (3.5) for F (x) := f (x). So, by formula (3.7), one is able to find nrr{f (x) = 0}. 
This theorem implies that sequence (3.17) is the Sturm's series for F(z), by means of which the critical values of f (x) can be localized. It is evident that max f (x) coincides with the greatest (real) root of F(z). Once it is evaluated, the corresponding value of x can also be found via the minors of the matrix H(z). Indeed, by Corollary 3.3, x can be expressed by the formula (3.15), in which one should set
What happens if Assumption 3.2 is violated? The condition D(F(z)) = 0 is equivalent to the existence of two equal critical values for f (x). One cannot claim any longer that the maximal real root of F(z) coincides with max f (x):
Here the polynomial . So, for this example formulae (3.18) and (3.19) will not work, since polynomials f (x) and F(z) have different numbers of real roots. Nevertheless, it would be interesting to take a look at the behaviour of sequence (3.17): is intelligent enough to neglect the roots of F(z) corresponding to the imaginary roots of f (x).P On the other hand, this sequence reacts properly when f (x) assumes the same critical value in two (or more) real critical points:
For this example formula (3.19) applied to the sequence
H 5 (z) = 625000(z − 5) 2 (z 3 − 65z 2 + 1200z + 8000) permits one to find out that for any interval a < z < b with 0 < a < 5, b > 5 there correspond two real critical points. Using Theorem 3.3, one may obtain a quadratic equation for their evaluation: max f = 5 is attained at λ 1,2 = (−1 ± √ 5)/2. P It is desirable to check Assumption 3.2 in terms of the matrices S and H (i.e. without an additional construction of the matrix S for the polynomial F(z)). Our successes in determining the structure of D(F(z)) are restricted to the following
, where k is a constant depending only on n, and Φ is a real form of the degree 3(n − 1)(n − 2)/2 with respect to the coefficients of f (x).
Ψ(λ j , λ k ) := 1/2 a n−2 + a n−3 (2λ j + 2λ k ) + a n−4 (3λ
(To understand the generative rule for the coefficients in parentheses put them in a triangle like Pascal's one. . .) Polynomial Ψ(λ j , λ k ) is symmetric with respect to λ j , λ k . Consequently, 1≤j<k≤n Ψ(λ j , λ k ) is of the same type with respect to the roots of f (x) and thus can be expressed rationally in terms of A 0 , . . . , A n . Hence, we have
Here polynomial Φ is a form of the degree 3(n − 1)(n − 2)/2 and of the weight n(n − 1) × (n − 2)/2 with respect to A 0 , . . . , A n . Its coefficients may be made integers by an appropriate choice of the constant k. It turns out that Φ ≡ 1 for n = 2;
for n = 4 and for n = 5. P
The Case of Two Variables
As in Section 3, we shall begin with the "classical" part, i.e. a review of Hermite's method for the separation of solutions of a system of polynomial equations. We will keep the notation and assumptions of Section 2, but in the present section only real polynomials will be considered.
The general separation problem was formulated in Section 1 as that of finding the nrs{(2.10) | G(x, y) > 0},
i.e. the number of distinct real solutions of (2.10) that satisfy the inequality
To find this number, we need to evaluate symmetric functions of the solutions of the system (2.10). For this aim, we will use the method invented by Jacobi in 1835-36 (which differ from that mentioned in the proof of Theorem 2.1).
The first step is to find the eliminants X (x) and Y(y) defined by (2.12). To do this, one may now employ Corollary 3.2. Thus, for example, to make Y(y) consider the fraction F 2 /F 1 as a function of x and expand it in powers of x −1 :
Then, neglecting the sign, one gets
Moreover, by means of Corollary 3.2, one can also find its linear representation, i.e. polynomials P(x, y) and Q(x, y) from R[x, y] such that
3)
The other eliminant X (x) can be constructed similarly along with polynomials M (x, y) and
Sometimes equalities (4.3) and (4.4) are referred to as the Bézout identities. The degrees of the polynomials M, N , P and Q constructed according to Theorem 3.3 will satisfy the following restrictions (Uteshev and Shulyak, 1992):
(4.5)
Introducing now an important function
V(x, y) := M(x, y)Q(x, y) − N (x, y)P(x, y)
we can deduce from (4.5) the restrictions:
Consider the expansion of the following fraction in the negative powers of x and y:
(using expansions of the type (3.3)). Because of the restrictions (4.6), we have:
On the other hand, it turns out that the expansion (4.7) plays a role similar to that of expansion (3.3). Indeed, let us multiply (4.7) first by the Jacobian
then by G(x, y), and, finally, by their product:
c jk x j+1 y k+1 (4.10)
Here L j is of the form [A(x, y)X (x) + B(x, y)Y(y)]/[X Y], with A(x, y) and B(x, y)
from R[x, y]. We will be interested, however, only in the coefficients of the terms with negative powers of both variables. We obtain:
Formula for s jk can be obtained from this one for G := J , while
(4.11)
By construction, all these numbers will be rational functions with respect to the coefficients of the polynomials F 1 , F 2 and G. On the other hand, they proved to be the values of appropriate symmetric functions of solutions of the system (2.10):
Theorem 4.1. (Jacobi) One has: . . . , N (i.e . all the solutions of (2.10) are simple), then
For the proof of the above result we refer to the Appendix of the paper by Uteshev and Shulyak (1992) .
To find nrs{(2.10) | G(x, y) > 0} we shall consider two different approaches. The first one is based on the following
Under this assumption, all the solutions (α j , β j ) of (2.10) are distinct, they have distinct x-components, and nrs{(2.10)} = nrr{X (x) = 0} where the latter number can be found by Theorem 3.1. 
In the original work by Hermite the idea of another approach can also be found (Uteshev and Cherkasov, 1996) . As a matter of fact, it is possible to replace Assumption 4.1 by one, concerning only the leading forms (2.11) of the polynomials F 1 and F 2 . We shall sketch this approach only for a particular case when n 1 = n 2 := n. Proof. We shall present here only an idea of the proof for part (3) and, simultaneously, for Theorem 4.2. For both cases, the starting point is the following quadratic form in the real variables x 0 , . . . , x N −1 :
where the system of monomials {Ψ k (α, β)} N −1 k=0 is linearly independent on solutions of the system (2.10). Under Assumption 4.1, one may take Ψ k (α, β) := α k , and then the matrix of the form (4.19) coincides with (4.16). Under Assumption 4.2, one should take the following system
Let us prove that
where the N × N matrix D is made of the coefficients of the expansion (4.7) similarly to matrix (4.18). Suppose first, that J (α j , β j ) = 0 for all j = 1, . . . , N. The left-hand side of (4.21) can be represented as
where t denotes the transposition of the matrix. By the equality (4.14), one then has the validity of (4.21). Thus, it is true under the assumption when all the solutions of (2.10) are simple. The set of the systems (2.10) possessing a multiple solution is of measure zero in the space of the coefficients of F 1 and F 2 . The equality (4.21) is an algebraic one with respect to those coefficients. Hence, it will also be true for the general case.
Due to the equality (4.8), matrix D may be put into the block triangular form by means of some elementary transformations of its rows and columns. The blocks on the diagonal happen to be of the Hankel type
So, under Assumption 4.2, the determinant on the left-hand side of (4.21) does not vanish, and the monomial system (4.20) is linearly independent on the solutions of (2.10) . Formula (4.15) then follows from the inertia law for quadratic forms.P Corollary 4.2. One has
Remark. As a matter of fact, the only essential assumption in the above theorem is Assumption 2.2, whereas Assumption 4.2 is not. The monomial basis
could have been composed in accordance with the position of nonzero Hankel minors of determinant (4.22). We chose basis (4.20) only because of its elegant relationship with subresultants. For the general case when n 1 := deg F 1 ≤ n 2 := deg F 2 , it will take the form:
while in Hermite's original paper the basis
was considered. The second part of Theorem 4.3 gives us a condition for the existence of a common zero for F 1 (x, y), F 2 (x, y) and G (x, y) . If that zero is unique, then it can be expressed as a rational function of the coefficients of the polynomials considered. For this aim, construct a new parameter-dependent matrix of the same structure as matrix (4.17):
So, the coefficients of t are the entries of the matrix (−C) with C defined by (4.17). Expand the (N − 1)th leading principal minor of (4.26) into powers of t:
Theorem 4.4. Let Assumptions 2.1, 2.2 and 4.2 be fulfilled, and
Then the x-component of a single common zero for F 1 (x, y), F 2 (x, y) and G(x, y) can be found by the formula: (4.27) single common zero for F 1 , F 2 , G, and assume, for simplicity, that all the solutions for the system (2.10) have distinct x-components. Construct a parameter-dependent polynomial x, y) . It has two zeros common with F 1 (x, y) and F 2 (x, y) when the parameter t takes the values α 2 , . . . , α N . The matrix C constructed for F 1 , F 2 and G t coincides now with C introduced by (4.26). By Theorem 4.3, the two greatest leading principal minors of that matrix must vanish for those N −1 values of t. Being a polynomial of the degree N − 1, C N −1 (t) has α 2 , . . . , α N as its roots. Formula (4.27) follows then from the two equalities:
To obtain the y-component for the common zero one should construct the matrix C for G u (x, y) := (y − u)G(x, y). Let us combine both procedures and construct the matrix C for G t,u (x, y) := (x − t)(y − u) G(x, y) . Then the expansion of its (N − 1)-th leading principal minor in powers of t and u
permits one to find both components of a common zero simultaneously:
Under the additional assumption that S N = 0, one may also use in (4.28) the corresponding minors of the matrix H. Let us now apply the above results to the problem of finding the max f (x, y), where f (x, y) is a real polynomial of a degree n+1. On eliminating the trivial case max f (x, y) = +∞, we shall tackle the case when the expansion of f (x, y) in decreasing powers of x and y
begins with the leading form
of an even degree n + 1. This form also has to satisfy the following Assumption 4.3. Let the polynomial f (n+1) (1, y) be negative for every y ∈ R.
The latter condition holds iff a 0,n+1 < 0 and f (n+1) (1, y) does not have real roots; thus, it can be verified by Theorem 3.1.
Consider the system ∂f /∂x = 0, ∂f/∂y = 0 (4.30)
yielding the critical points of f (x, y). As in the previous section, let us state the following In order to apply the preceding results to solving this problem, we have to imply some restrictions on f (x, y) guaranteeing the fulfilment of Assumption 2.2 and either of Assumptions 4.1 or 4.2 for the system (4.30). We will restrict ourselves to the approach based on Theorem 4.3.
Assumption 4.4. Let the leading form (4.29) satisfy the following conditions: the polynomial ϕ(y) := f (n+1) (1, y) has nonzero subdiscriminants and
Under these conditions, Assumptions 2.2 and 4.2 are satisfied because of the relationship between the (sub)resultant and (sub)discriminant (2.8). Thus, for system (4.30), formulae (2.13) can be rewritten in the form
Furthermore, Assumption 4.3 is also satisfied because of formulae (3.7), (3.13) and the equality from (4.32). By now applying Theorem 4.3 for the case F 1 := ∂f /∂x, F 2 := ∂f /∂y, and G := f (x, y) − z, one can solve Problem 4.1 in exactly the same manner as Problem 3.1. Calculating the leading principal minors for matrix (4.18) we obtain the polynomial sequence in z:
(4.34)
The leading coefficient of the polynomial H k (z) equals (−1) k S k , where S k is the kth leading principal minor of the matrix S constructed similarly to (4.17) from the coefficients s jk of the expansion (4.10). The Jacobian (4.9) now coincides with the Hessian of f (x, y): Under this condition, all the critical points of f (x, y) are simple. By (4.24), the polynomial
has roots coinciding with the critical values of f .
Under this assumption, there exists a one-to-one correspondence between the real solutions of (4.30) and the real roots of F(z). Using part (2) 
(4.37)
To evaluate the corresponding critical point (α, β), construct the matrix H(z, t, u) having the same structure as (4.18) with the elements
Expand its leading principal minor H 8 in decreasing powers of t and u: If z is a root of H 9 (z), then the corresponding (α, β) can be found by formulae (4.28)
After substituting the value of max f in them, we get the critical point:
(−8.07285 ± 10 −5 , −11.50294 ± 10 −5 ).P Remark 4.1. In order to simplify the calculations, one may replace the polynomial condition f (x, y) > z by one of lower degree:
Remark 4.2. If sequence (4.34) was constructed on the basis of the matrix (4.16) from Theorem 4.2, then the x-component of the critical point can be evaluated by formula (3.15), where one should set n := N, c k := h k,0 , and s 1 := s 1,0 (i.e. , the first Newton sum of X (x)).
and thus, the roots z = 1/3 and z = 11/32 are not taken into account. On the other hand, this sequence gives the correct information about the critical value z = 11/48: it was assumed by the function in two real critical points. P Remark. The preliminary verification of Assumption 4.6 is unnecessary. It is required only for the case when sequence (4.34) is unable to separate the real roots of F(z) within a sufficiently large number of substitutions for z.
Linear Representation of the Resultant
Theorem 3.3 and part (3) of Theorem 4.3 make a basis for a recurrent method of resultant calculation. Let us sketch the algorithm that gave us the matrices C in Sections 3 and 4. The coefficients c j of expansion (3.1) for the fraction G(x)/F (x) were the rational symmetric functions of the roots of a polynomial F (x); according to Corollary 3.2, the resultant R(F, G) can then be found as the determinant of the Hankel matrix C (3.5) composed of these coefficients. Since we have obtained such a representation for the univariate resultant, it is possible to find the eliminants X (x) and Y(y) for system (2.10) as the appropriate Hankel determinants (see formula (4.2)). With these eliminants and the polynomials from the Bézout identities (4.3), (4.4), we can construct expansion (4.10) for the fraction
The coefficients of this expansion turn out to be the rational symmetric functions of solutions of system (2.10). Now the resultant R(F 1 (x, y), F 2 (x, y), G(x, y)) of three polynomials in two variables defined by (2.17) can be computed as the determinant of the block-Hankel matrix (4.17) (see formula (4.23)). This allows us to extend the Jacobi method for finding the symmetric functions of solutions of a system (2.18) of three equations in three variables (which works in a similar manner to the bivariate case (von Escherich, 1876; Uteshev and Shulyak, 1992) ) and, simultaneously, to make an analogue in R 3 of the Hermite method for the separation of solutions of that system, etc. The leading principal minors of the matrices C play the role of subresultants.
So, we have just climbed the steps of the "shuttle" procedure for the recurrent resultant computation that was outlined in Section 2. One important step must be fixed, however. To extend the Jacobi method to R 3 , a linear representation for the resultant R(F 1 , F 2 , G) is needed. This will be given by the following 
and of the degrees satisfying the following restrictions
Proof. Let us rearrange the rows and columns of matrix C, ordering the monomials of the basis (4.20) according to the magnitude of their degrees. For simplicity, denote again the new matrix by C. Find the expressions for F 1 and F 2 from equalities (4.3) and (4.4) :
Substitute these in (5.1):
According to the restrictions (5.2) and (4.5), M x and M y have to satisfy the conditions
(5.5)
Divide the equality (5.3) by the product [X (x)Y(y)] and expand both its sides in the series in the negative powers of x and y (using the expansions (4.7), (4.10), and taking into account the condition (4.8)):
c jk
(5.6) For definiteness, consider the case n = 3. Let us find Q 1 (x, y) in the form in the equality (5.6). On the right-hand side they all vanish except for that of x −5 y −1 , the latter equals C 9 . So, one gets a linear system for the coefficients of Q 1 (x, y):
Solving this by Cramer's rule, we obtain the following result: the polynomial Q 1 (x, y) from the equality (5.1) equals the determinant of the matrix obtained on replacing the last row in the matrix C by the row of monomials of the basis (4.20) (where one should replace α → x, β → y). It is seen that the above algorithm for finding Q 1 (x, y) is similar to that of finding the polynomial q(x) from the linear representation of the resultant for the univariate case (see proof of Theorem 3.3).
To find now M y (x, y), let us consider it as a polynomial in y and exploit the equality (5.3). Equate the coefficients of y N +2n−2 , . . . , y N on both its sides. Because of the restrictions on the degrees (5.5) and (4.6), only these coefficients which are contained in the summands M y Y and Q 1 GV differ from zero. By recurrent formulae, it is possible to find the coefficients of M y as the polynomials in x. To find then M x , one may use the equality (5.3). Finally, M 1 (x, y) and M 2 (x, y) can be found from (5.4).
Another method for finding M 1 and M 2 can be proposed after obtaining the expression for Q 1 (x, y). Consider the equality (5.1) rewritten as
together with (4.4):
Polynomials and the division procedure in brackets are considered with respect to the variable y. One may notice an analogy with the remark at the end of the proof of Theorem 3.3. P The idea of constructing the resultant as the block Hankel matrix can be found in Laurent (1900, p.42) . This interesting book contains many good ideas between numerous errors, with a few (but not all) of them mentioned in Macaulay (1903, p.4) . There exists a relationship between the polynomials of the linear representation of the resultant (5.1) (if we construct them for the basis (4.25) via the procedure used in the proof of Theorem 5.1) and similar ones from Sections 6-8 of the book by Macaulay (1916) : the multipliers of G(x, y) are the same (up to a constant), but those of F 1 (x, y) and F 2 (x, y) are different.
The Constrained Maximum
More interesting is, of course, the problem of searching for the constrained maximum, i.e. max X∈S f (X), X := (x 1 , . . . , x K ), deg f := n + 1 where the constraint set S is defined as that of the real solutions of the system of algebraic inequalities G 1 (X) ≥ 0, . . . , G p (X) ≥ 0.
(6.1)
In computer algebra this problem can be solved, for example, by using a cylindrical algebraic decomposition algorithm applied to the set {X ∈ R K | f (X) − z ≥ 0, G 1 (X) ≥ 0, . . . , G p (X) ≥ 0} (Bank et al. (1992) ).
In the present section we shall apply the Hermite method described in the previous sections to the stated problem. We restrict ourselves to the case of two variables (K = 2). We will need the following formula In this way, the multivariate optimization problem can be reduced to the univariate separation one.
The approach proposed can be extended to the general case when the constraint set S is given by the system of inequalities (6.1). In addition to the systems (4.30) and (6.3), another type of systems appears: G q (x, y) = 0, G (x, y) = 0 yielding the vertices ("corner points") of S.
To conclude this section we would like to mention the following: the problem of consistency of the system of inequalities (6.1) can be treated itself as the constrained optimization problem (Uteshev and Cherkasov, 1996) . So, for example, under Assumption 6.1, the set defined by G(x, y) ≥ 0 is not empty iff nrs{∂G/∂x = 0, ∂G/∂y = 0 | G > 0} > 0.
Moreover, on this way one can even establish the geometry of its boundary: With the help of the Markov's formula (6.2), the difference (6.9) can be transformed into (σ(H ) + σ(H ))/2 with H (or H ) being the matrix (4.18) built for the system (4.30) and for G(x, y) := H(f ) (or for G(x, y) := H(f )·f ). Calculating the numbers of permanences and variations in the corresponding sequences of the leading principal minors, we evaluate the difference (6.9): it equals (1 + 5)/2 = 3. Because of the Harnack inequality (Petrowsky, 1938) , the total number of ovals of the curve of the order m does not exceed (m−1)(m−2)/2+1. For our example, this leads to an unambiguous deduction: the curve of interest has exactly three positive and no negative ovals. P
Conclusions
We have treated here the problem of finding the maximum value of a polynomial in an algebraic domain. Using Hermite's method of the separation of the solutions of an algebraic system, we reduce the stated problem to a univariate one, investigating the critical values of the polynomial. The proposed approach is free from the usual assumptions on the convexity of the objective function or the constraint set.
We have also discussed the possibility of unifying the separation and elimination algorithm for a polynomial equation system, using the triple Hankel or block Hankel matrices. Matrices of these very special structures are known to have several nice properties from the computational point of view (Iohvidov, 1982; Bini and Pan, 1994) .
Our investigation can, by no means, be considered as complete. We note just a few problems for further investigation:
Detailed comparison of the proposed Hankel approach for the resultant computation with the other algorithms (like the determinantal one (González-Vega, 1991) or those based on the Gröbner basis construction) has to be discussed;
It would be interesting to establish the structure of Assumption 4.6 in terms of the function f (x, y) (i.e. to find an analogue of Theorem 3.5 for the bivariate case);
The computational complexity of the algorithm has to be estimated: Although the constraint optimization problem was solved in Section 6 by a purely algebraic method, it seems desirable to exploit it together with some hybrid ones, e.g. those using interval arithmetic (Collins and Krandick, 1993) . Its employment might be advantageous for optimization problems with objective functions or constraint sets depending on parameters.
We hope to discuss these problems in subsequent papers.
